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@ Introduction and definitions
© The valuedness problem of two-way finite transducers

© A sufficient and necessary condition for the valuedness
problem

© Future work
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Introduction

uex*

Transducer

Vi,Vo,...,VgeT*

e The Finite-valuedness Problem:
Is there a constant C such that k < C for all u?

o Main Result:
We give a necessary and sufficient condition for the
finite-valuedness of two-way finite transducers!
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One-way Finite Transducer (1FT)

1FT T=(Q,%.T,qo, F,A)

« Q: afinite set of states

ala;blb ale ; ble = Q=1p,q}
ale ; ble « =: a finite input alphabet
=>X={ab,c}
o I': afinite output alphabet
start —> =T = {a?b} P
cle * go: an initial state
=>qo=p
o F: a set of final states
=>F={q}

o A: afinite set of transitions
(AcQxX x QxT*)
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One-way Finite Transducer (1FT)

1FT T=(Q,Z,T,q, F,A)

« Q: afinite set of states

ala;blb ale ; ble 3Q={p,Q}
ale; ble « = afinite input alphabet
=>X={ab,c}
« I': a finite output alphabet
start — nEo {aF,)b} p

cle * go: an initial state

=>qo=p
| Inpute: u | | Output: T (u) | « F: a set of final states

= F={q}

Step 0 « A: a finite set of transitions
(AcQxX x QxT*)
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One-way Finite Transducer (1FT)

1FT T=(Q,Z,T,q, F,A)

« Q: afinite set of states

ala;blb ale;ble >Q=1p,q

« 3: afinite input alphabet
=>X={ab,c}

« I': a finite output alphabet
=T ={a,b}

* gp: an initial state
=>qo=p

| Inpute: u | | Output: T (u) | « F: a set of final states

=>F={q}

Step 1 a a « A: afinite set of transitions
(AcQxX x QxT*)
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One-way Finite Transducer (1FT)

1FT T=(Q,Z,T,q, F,A)

« Q: afinite set of states

ala;blb ale ; ble 3Q={p,Q}
ale;ble « 2! a finite input alphabet
=>X={ab,c}
« I': a finite output alphabet
start — nEo {aF,)b} p

cle * go: an initial state

=>qo=p
| Inpute: u | | Output: T (u) | « F: a set of final states

> F={qg}

Step 2 ab ac « A: afinite set of transitions
(AcQxX x QxT*)
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One-way Finite Transducer (1FT)

1FT T=(Q,Z,T,q, F,A)

« Q: afinite set of states

ala;blb ale ; ble 3Q={p,Q}
ale; ble « = afinite input alphabet
=>3X={ab,c}
« I': afinite output alphabet
start — nEo {aF,)b} p
cle * go: an initial state
=>qo=p
| Inpute: u | | Output: T (u) | « F: a set of final states
=>F={q}
Step 7 ababcba abb « A: afinite set of transitions
(AcQxX x QxT*)
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One-way Finite Transducer (1FT)

1FT T=(Q,Z,T,qp,F,A)
ala;blb ale ; ble o &F alm(t;e:{e,_—},gf} states

ale; ble « =: a finite input alphabet
=X ={ab,c}

. « I': a finite output alphabet
start =T ={a,b}

cle * go: an initial state
=>qo=p
| Inpute: u | | Output: T (u) | » F: a set ,gf final states
=>F=1{q}

ababcba abb o A: afinite set of transitions
(AcQxX x QxT*)

« T(u): the set of corresponding outputs of u
= abbe T(ababcba)
e R(T): {(u,v)lve T(u),uex*}
= R(T) = {(uycup, prefix(uq ) prefix(uz))luq, uo € a,b*}
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Two-way Finite Transducer (2FT)

ala, 1 ale, -1
bib,1 ble, -1 ala, 1
>|e, 1 bl>, -1 blb, 1

Q <|Er_1 Q >|£'1

start \q_of \f’/ @
2FT T=(Q,Z,r,q0,F,A)
e AcQx(Zufe, <) x QxT* x{-1,1}
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Two-way Finite Transducer (2FT)
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Two-way Finite Transducer (2FT)
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Two-way Finite Transducer (2FT)

ala,1 ale,—1
b|b, 1 ble,—1
>|e, 1 bl>, -1

start @45,—1@ >e, 1 @
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Two-way Finite Transducer (2FT)

ala, 1 ale,—1
bib,1 ble, -1 ala, 1
>|e, 1 bl>, -1 blb, 1

b a b
nZQOiQOﬂ%ﬂ%ﬁ%ﬂ%
& £ £ &g )E
f( b a b
9% — 9r — qr — qrf — Qr

» bbabbbab € T (bbab).
e« R(T)={(u,uu)lue a,b*}.
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Two-way Finite Transducer (2FT)

ala, 1 ale,—1
bib,1 ble, -1 ala, 1
>|e, 1 bl>, -1 blb, 1

g, -1 >|e, 1
NG AN (&)

b b a b
nZQOiQOﬂ%ﬂ%ﬁ%ﬂ%
& £ £ &g )E
qg<—g qg<—gq
f( b b a b
9 — qr — — g — qr

bbabbbab € T (bbab).

R(T)={(u,uu)lue ab*}.

Crossing sequence: a sequence in (Q x {-1,1})*.
Cx[3] = = (9o, 1)(q,-1)(ar. 1)
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Another Example

| > [ o1 [ o2 | o3 | o4 | < |
V- V: V: % Vi
T Q1—1>Q2*2>CI3*3>674 4 a5 > 06
Vg v, 1V
Qo Qs qz
Vol | v v
Q1oi>Q11$CI12

. Cn[s] = (Q3, 1 )

* Cx[5]=(05,1)(gs,—1)(q11,1).
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Expressive Power

N

D1FT 1FT

L 2

N
M

N

D2FT

L 2

OFT
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Notions of Valuedness

@ Single-valued: |T(u)l<1, Yuex*.

Q k-valued: |T(u)l <k, Yuez*.

© Finite-valued: k-valued, for some ke N.
Q Infinite-valued: not finite-valued.
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Notions of Valuedness

@ Single-valued: |T(u)l<1, Yuex*.

Q k-valued: |T(u)l <k, Yuez*.

© Finite-valued: k-valued, for some ke N.
Q Infinite-valued: not finite-valued.

1FT 2FT
Single-valued | D [Blattner, et al.,77] | D [Culik, et al.,87]
k-valued D [Gurari, et al.,83] D [Culik, et al.,86]
Finite-valued | D [Weber,90] ?
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Notions of Valuedness

@ Single-valued: |T(u)l<1, Yuex*.

Q k-valued: |T(u)l <k, Yuez*.

© Finite-valued: k-valued, for some ke N.
Q Infinite-valued: not finite-valued.

1FT 2FT
Single-valued | D [Blattner, et al.,77] | D [Culik, et al.,87]
k-valued D [Gurari, et al.,83] D [Culik, et al.,86]
Finite-valued | D [Weber,90] ?

We give a 'simple’ necessary and sufficient condition for the
infinite-valuedness of two-way finite transducers! J
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Characteristics of Infinite-valuedness

VIy1 viys
'y
Theorem (Weber, 90) ’
A 1FT T is infinite-valued iff it wizq ; ! ulxy Viy2 wizg / ‘; ulxs

satisfies criterion V1 or IV2. - ! 2

o Finite Automata:

(Crossing Sequence, Two-way)
) ulvq Ulvy
(State, One-way) 0 0

. . < ulvp 5
« Crossing sequence version ——»@ ————————— @——»

of Weber’s criteria ?! N ,
g

(b) IV2: v4 #e and 3i, v (i) # va(i)
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Problem 1: Bounded Crossing

 In general, there are infinitely many crossing sequences!
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Problem 1: Bounded Crossing

 In general, there are infinitely many crossing sequences!

Finite-Valued Infinite-valued
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Problem 1: Bounded Crossing

 In general, there are infinitely many crossing sequences!

Ju, T(u) is infinite

Finite-Valued —{ Infinite-valued }—

Yu, T(u)is finite
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Problem 1: Bounded Crossing

 In general, there are infinitely many crossing sequences!

« Ju, T(u) is infinite iff there exists a 7 on u with a loop along
which the output is not empty.

Ju, T(u) is infinite

Finite-Valued —{ Infinite-valued }—

Yu, T(u) is finite

’ Bounded-crossing
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Problem 1: Bounded Crossing

 In general, there are infinitely many crossing sequences!

« Ju, T(u) is infinite iff there exists a 7 on u with a loop along
which the output is not empty.

o From now on, we assume all 2FTs are bounded-crossing.

Ju, T(u) is infinite

Finite-Valued —{ Infinite-valued }—

Yu, T(u) is finite

’ Bounded-crossing
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Transitivity

e Known Results:
1FTpU1 12 qandq Us|Va r= pU1U2|V1V2 r
2FA:c Ldandd Ze=c L2 e
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Transitivity

e Known Results:
1ET: p v, uilvq qand q Us|Va r= ,0 Uy Uo| vy Vo r
2FA:c Ldandd Ze=c L2 e

« Can we derive a "similar result" for 2FTs?
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Transitivity

o Known Results:
1FTpu‘V‘qandq v, pmr
2FA:c.dandd 2 e=>c2e

« Can we derive a "similar result" for 2FTs?

o The answer is yes by incorporating the notion of 'patterns’
of computations!
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Patterns

e D1 — po: aright U-turn.

e p3 — qy: aright traversal.

. : a left U-turn.

e Z: (right U-turn, right traversal, left U-turn).

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



X4 @ 7 }’1
-—=> - >
)"
X3 @ V3 }’3
- > - >

c u d

Output: X1 v4 y1¥2VaXoX3V3y3

Di-De Yen, Hsu-Chun Yen

Different Patterns between two Crossing Sequences

© u d

Output: X1 Wy XoX3Wo Y1 Yo X33

DLT2019, Warsaw, Poland, August 5th, 2019



Z1
Z2
Z3

Problem 2: Transitivity Patterns

Ve o/s ol

_/

Zq Zo Z1 D 2o

: (R-U, R-T, L-T, R-T, L-U)

: (R-U, R-T, L-T)

: (R-U, R-U, R-T, L-U)

: an operator (partial mapping) on patterns; e.g.

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019




Problem 2: Transitivity Patterns

) V1 ) W1 > V4
V2
w- V4
VoWq V3
V, W3 Vg Wy

u (V1m0

Up| (W1, W)z, Ut U2 |(V1 .0y Vi) 2y ©(WA o, Wim) 2z,
e=>C

Zq Zo 21922

¢ . 4. d
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ldempotents

) Definition
A pattern z is called an idempotent if
zZoz=2.

( o 2169217521.
s (znez)e(z1021)=(z102y).

If ze z exists, thenz = ze---® z for some p and Z' is an
—_—

p
idempotent.
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Problem 3: Position-Conflicts

viyq vlys

U|V2 X
/A vly: [ A A ==u
wizy | ulxq ve wizg | ulxg N p
v i l v S Ulva- -7
B (=) ") 3
-=> ————> === =) - =
IV1: |y1] # |yol IV2: vy #€e and 3/, v (i) # va(f)

« Can we derive a "crossing sequence version" of criteria for
infinite-valued 2FTs?

» Perhaps by replacing states and strings with crossing
sequences and vectors of strings, respectively?

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Length-conflicts and Position-conflicts

Given vy, v, e T'* with vq # vo, one of the following statements is
true:

Q@ vyl #wol. (Length-conflict)
Q v (i) # vo(i) for some i. (Position-conflict)
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Length-conflicts and Position-conflicts

Given vy, v, e T'* with vq # vo, one of the following statements is
true:

Q@ vyl #wol. (Length-conflict)
Q v (i) # vo(i) for some i. (Position-conflict)

Given a 2FT T:
Length-conflict:
vn, there are u, vy,..., vy such that vi,(u,v;) € R(T) and
Vi# j,vi and v; have a length-conflict.
Position-conflict:
vn, there are u, v4,..., vy such that vi,(u,v;) e R(T) and
Vi# j,v; and v; have a position-conflict.

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Problem 3: Position-Conflicts

Proposition

A 2FT T is infinite-valued iff T has length-conflicts or
position-conflicts.

Ju, T(u) is infinite

Finite-Valued — Infinite-valued —— | Length-conflict

vu, T(u) is finite Position-conflict

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Problem 3: Position-Conflicts

Leng Position-conflict

o For 1FTs,
AuB= (IV1) & Length-conflict.
C = (IV2) < Position-conflict.
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Problem 3: Position-Conflicts

Leng Position-conflict

o For 1FTs,
AuB= (IV1) & Length-conflict.
C = (IV2) < Position-conflict.

« Can we derive similar results for 2FTs?
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Problem 3: Position-Conflicts

Leng Position-conflict

o For 1FTs,
(IV1) < Length-conflict.
(IV2) « Position-conflict.

« Can we derive similar results for 2FTs?

o The answer is yes. But, while considering the
‘position-conflict’ case, a more subtle argument is needed!
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Problem 3: Position-Conflicts

viys viys

(. (.

1 \

v
wizg | ulxg I’y\z wizg | | ulxs
v '\L v
() 22(2) "2(9)
--» - —— - - — -
IV 1yq | # Lyl

Theorem (Weber, 90)

A 1FT T has
length-conflicts iff it
satisfies criterion IV1.

Di-De Yen, Hsu-Chun Yen

DLT2019, Warsaw, Poland, August 5th, 2019



Problem 3: Position-Conflicts

bla ble

Theorem (Weber, 90)

. blaa Lo A 1FT T has
- O - length-conflicts iff it

N
,@E"E>C'E>®> satisfies criterion V1.

o |a| #|aal.

« On (abc)(ab?c)...(ab"c), there are n different outputs:
a?,a®,..., a2+ and o871,

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



CIVI: T 1y 1 £ 22, 1y?)

A 2FT T has length-conflicts iff it satisfies criterion CIV1.

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th.



Problem 3: Position-Conflicts

» (IV2) is a sufficient condition
but not a necessary condition -

for position-conflicts. }@UIV2@>
» For 1FTs without
length-conflicts, (1V2) is a el ulvg -7

necessary and sufficient

IvV2: i, vo(i '
condition for position-conflicts. Vi #€ and 3, vo(f) # vs(/)
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Problem 3: Position-Conflicts

(IV2) is a sufficient condition
but not a necessary condition ~ -

for position-conflicts. B }@ oas @ B
» For 1FTs without
length-conflicts, (IV2) is a gy -7

necessary and sufficient
condition for position-conflicts.

e |a| #0.

» f and y have a position-conflict.

« On &", there are 2n different outputs,
a1 ya" 1, apa"2 aya"2,...,a" g, and a" 'y.
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I ulvg ----

IV2: vy # e and 3i, va(i) # va(1)
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CIV2: Non-empty String Modification

« x, and x/ have a position-conflict . Z';l | Wy # Z’Q [Vt]
: Xq Q

Q ) " Wa X2 C )y1 Y2

W3 Y3
. )Xs . .
Wiy 1 X T
O————(»p o q @)
W )yj+1

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



There exists an accepting computation = along which there are
crossing sequences c¢,d, patterns zy, 2o, z3, strings ue =+,

Wi, ooy Wiy X1y, Xmy Xyoeoos Xy Y15--, Yn €T,
@ (The Original)
ul(wy,...,wp) ul(X1 0 Xm)
.C “.¢,-C 2. d,
Zq Z2
UI(X]5eXm) Ul(Y1,-¥n)
co—tE gL g . d,
Zo zZ3

and for some index ¢ € [m], there is a position-conflict
between x, and x/

© (The Modified)
X, (x]) corresponds to either a left or a right traversal
between some state p in ¢ and some state q in d, and
; s uw - ulx o ulyk
* (right traversal) fr:--- py—p—>q9q——q ‘-, then
Z 11wl #Z Iytl
ulyk Ul ulw;

(Ieft traversal)' ifr:---q1 —q—p—>pq -+, then
Sl wl £ 5k 1|yt|

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



CIv2

Let T be a bounded-crossing 2FT having no length-conflicts. T
is infinite-valued iff it satisfies CIV2.

| A\

Proof.
(<) The ’only if’ direction can be derived easily.
(=) Theif’ direction is divided into the following steps:

Q@ LemmaA
© Two base cases
© General cases

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Two Base Cases General Case

Given an infinite-valued 2FT T without length-conflicts, then

Ul(Wa ..., W) 2,

Qc—c,

Z4

Ul(X1,.-,Xm) z,

Qc d,

22
UI(X{5Xm) 2

Qc d,

Z2
o d Ul(Y1,-¥n)zg
Z3
Q Ixil=Ix/l,1<i<m, x, and x/ have a position conflict, for
some
o , and

Q

for some uext, ect.

d,

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Two Base Cases

@ All properties in Lemma A are satisfied.

Q p2=pi=p.

Q =q1=q

© Computations from p’ to p; and from g4 to g’ are
sequences of U-turns.

O] (s

{2 X, q1 q2 \
| + K 2
PR e | —
C o Jit )
c c d d c c d d

Figure: Base case: traversal (left); U-turn (right).

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Base Case: Traversal

» Concatenate computation ¢ '—» candd -~

and to the right of the orlglnal computatlon
(Sincec=candd=d.)

Di-De Yen, Hsu-Chun Yen

d to the left

DLT2019, Warsaw, Poland, August 5th, 2019



Base Case: Traversal

wy w;y wy Xy Y1
G )
wy, wy, wy, Xm, Yny
Wi +1 pW11+1 :P q @ q
.p wi, wi, .p
) e )
c u G u c u d u d u d

» Concatenate computation ¢ '—» candd -~ d to the left

and to the right of the orlglnal computatlon
(Sincec=candd=d.)
« Shift.

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Base Case: Traversal

Wi Wy wq X1 Y1
Wy, Wy, Wy Xm, Yny
| pW11+1 | szlﬂ = \q q] q]
.p le le .p
| | |
c u c u c u d u d u d

« Since T has no length-conflicts,

/ n

- ZI'1:1 |Wl| :Zi=11 |yl| and
lp .

- Zi Iy +1 |WI|¢O

o Therefore, 2'2 |W,|>Z

Di-De Yen, Hsu-Chun Yen

1 yil-

(= CIV2 - The Modified)

DLT2019, Warsaw, Poland, August 5th, 2019



Base Case: U-turn

|

.
pZ r pl q x[
qz 1 ] L ] 1
c (4

e Does not exist!

Di-De Yen, Hsu-Chun Yen
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General Case

* p2#pr

Ps

u/zy \ufzy lufz Vufzy T ufzy D ufzsl ufzz lu/zs lufz;
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General Case

* p2#pr

u/zy \ufzy 'ufzy Yufzy Tufz, u/Z3 u/zz lufzzlu/z;

@ Keep concatenating computation ¢ '—» candd =% d to

the left and to the right of the orlglnal computatlon
© Then, p;=p> and g; = go, for each i >2 = Base Cases.

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



General Case

* P27pr

‘.Z‘—__‘ 43 | N
G2y (| Ma 3
Y

41

u/zy \u/zy ‘ufzy 'ufzy ' ufz, L ufzzl ufzz lufzzlufzs

If zy and z3 are idempotents and zy ® zo & z3 exists, then
210 DZ1DZoD®Z3D - ®Z3 = Z1 ® Zo ® Z3, for all n.

"
n

~
n

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Future Work

@ Decidability of finite-valuedness:
We surmise that the problem is decidable, perhaps through
a detailed analysis of our techniques.

© Decomposition of finite-valued 2FTs.
In view of the decomposability result of finite-valued 1FTs,
can similar results be obtained?

© One-way definability of finite-valued 2FTs.

© Finite-valuedness of streaming string transducers.
(D2FT = DSST = MSO)

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



Thank You for Your Time!

Di-De Yen, Hsu-Chun Yen DLT2019, Warsaw, Poland, August 5th, 2019



	zero
	One
	Finite Transducers and The Valuedness Problems

	Two
	Weber's Criteria

	Three
	Problem 1: Bounded Crossing

	Four
	Problem 2: Transitivity
	Patterns


	Five
	Problem 3: Position-Conflicts

	Six
	CIV2

	Seven
	Two Base Cases
	General Case


	Fin

